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Outline

1. The data: one concept, five characters

2. From character matrices to probabilistic models

3. Continuous-time Markov chains and the rate matrix
4. Branch lengths: substitutions, not years

— this is as far as we got, and where this deck stops —

5. Substitution models: Mk and asymmetric rates

6. Reversibility and the root

7. Ascertainment bias

8. Rate variation across characters

9. Felsenstein's pruning algorithm, worked by hand
10. What Lab 2 actually runs

Items 5-10 open Lecture 4 and are in that deck instead:
https://profgerhard.de/naxos2026/lecture04/naxos_lecture04.pdf
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https://profgerhard.de/naxos2026/lecture04/naxos_lecture04.pdf

The Data: One Concept, Five Characters

The word for 'fire' in the 13 Indo-European languages of Lab 1 and Lab 2:

Ancient Greek
Greek

Dutch
German
Swedish
French

Italian

pyr

fotia
vuur
Feuer
eld
feu

fuoco

Spanish
Latin
Polish
Russian
Hindi

Vedic Sanskrit

fuego
ignis
ogien
ogon'’
aga

agnih

Five colours, five cognate sets. Each becomes one binary character.
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The Data: One Concept, Five Characters

219 774 877 1314 1482

)

Ancient Greek

Greek

Dutch
German
Swedish

French

Italian

Spanish

Latin

Polish
Russian

Hindi
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Vedic Sanskrit

Latin has 774 and none of the Romance languages do. Something happened on that branch.
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..And the Matrix It Becomes
Do that for all 170 concepts and you get the matrix Lab 2 hands to MrBayes: 13 x 1,030.

only 15.6% of the matrix is 1 no character is presentin 0 or inall 13 —
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1,030 characters (cognate sets)

Ancient Greek ” H
Greek

‘ ‘ that is the ascertainment

700 —

Dutch i
594 singletons

German

Lo

Swedish

French

Spanish

Latin n ‘ ‘

number of characters

Hindi
Vedic Sanskrit

Russian ‘

languages sharing the character

Two things to notice, because the rest of the lecture is about both: the matrix is overwhelmingly zero,
and most characters are held by exactly one language.

5/12



Counting Changes: Maximum Parsimony

For any candidate tree, count the minimum number of times a cognate set must be gained or lost to explain
the observed pattern, then pick the tree needing the fewest changes overall.

Swedish
Dutch
German
French
Italian
Spanish
Latin

Russian
Polish

Hindi

Vedic Sanskrit
Greek
Ancient Greek

Germanic Italic Balto-Slavic Indo-Iranian Greek

cladogram only — branch lengths are not substitutions or years; unrooted (3-way split at the root)

Searching over trees this way, on the full IE-CoR matrix, finds a tree needing 1,213 changes across the 1,030
characters, and the tree comes out unrooted: parsimony alone has no way to say where the root goes.

Worth flagging now: this tree and the Bayesian tree used later in the lecture agree on every sub-family shown here. They differ
in only two splits (an RF distance of 4, out of a possible 20), and the disagreement is confined to the deep branching, exactly

where the Indo-European debate lives.
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From Parsimony to Likelihood

The intuition is sound, since a cognate set really is lost far more often than it is coined twice, but with no
explicit probabilistic model it has real weaknesses:

» Hidden changes on a single branch are
invisible, so the true amount of change is
underestimated (saturation)

o All characters are treated alike, with no
stable-vs-volatile distinction

common ancestor

not observed:
three hidden flips
on this branch
The fix: place an explicit stochastic model of
change on every branch, and replace "minimise
changes" with "maximise the probability of the

data.” The rest of this lecture builds that model.

observed: 1 observed: 1

parsimony counts zero changes here
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The Goal: Tree Likelihood

Given:

 a character matrix X (languages x cognate sets, binary)
e atree T with branch lengths t = (t1,...,t2, 2)
e a substitution model with parameters 6

Compute: P(X | T', 0), the likelihood of the data.
Characters evolve independently on the tree:
P(X|T,0) =] P(X.|T,0)
C

where X is the data column for character c.

But look at the matrix again. Every language has exactly one word per concept, so of the 1,030 characters, the ones
belonging to a single concept are mutually exclusive by construction: 170 blocks, one 1 per language per block. The
iIndependence assumption above is false, and everyone uses it anyway. Keep it in mind when a posterior looks too
confident.
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Continuous-Time Markov Chains

Along each branch the state changes stochastically over Markov process Phylogeny

time, and it is memoryless: where it goes next depends
only on where it is now, not on how it got there. That is a
continuous-time Markov chain, defined by an
instantaneous rate matrix Q):

 g;; > Ofors # j: rate of going from state ¢ to state j
* gii = — )_j4; 3ij: TOWS Sum to zero

For a binary character (states {0, 1}):

e=(, 2)

A: rate at which a language acquires a cognate set (0 — 1
): Romance coining focus. p: rate at which it loses one (

1 — 0): Romance dropping ignis. (MrBayes does not estimate
A and p directly; Asymmetric Rates recasts them the way Lab 2

Independent but identically parameterised CTMCs run on every branch

reports them.) (Jager & Wahle 2021).
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Transition Probabilities

The probability of transitioning from state ¢ to state 7 in time ¢: P(t) — 9 Ast — o0: P(t) — 17, the stationary
distribution (7 a row vector, so every row of P converges to ). It satisfies 7Q) = 0:

illustrative equilibrium, chosen so all four curves stay visible
1.0 7 Poo(t)
E Tg = 0.7
=
o
o
o
a
c
)
E=
& m=03
I I I I I I
0.0 0.5 1.0 1.5 2.0 2.5

time t (expected substitutions)

Whichever state a branch starts in, it forgets: the time spent in state 1 settles to the balance of gain against loss. The root state
Is drawn from 7: the stationarity assumption. (The equilibrium above is set to 0.7 / 0.3 so all four curves stay apart; our real
one is far more lop-sided, which is the next slide.)
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Transition Probabilities: A Real Branch

The Romance stem (from the ancestor Latin shares with Romance, down to Proto-Romance) is t = 0.0065
expected substitutions in Lab 2's tree.

, 't =0.0065
) ' P,o(t) loss
g8}
b
8 0.1
2
= Po1(t) gain
_(% 0.01 — 01() g
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0.00 0.01 0.02 0.03 0.04 0.05

branch length t (expected substitutions)

Over that branch, a cognate set present at the top is lost with probability P;(0.0065) = 0.32, and one
absent at the top is gained with probability Py; (0.0065) = 0.003. Loss is a hundred times likelier than
gain. That asymmetry is not an assumption we imposed,; it is what the data estimated. 11/12



What Is a Branch Length?

Only the product ()t is identifiable: rescale () by c and t by 1/c and P(t) — e s unchanged. So we fix the
scale by convention, — ZZ m;q;; = 1, and a branch length becomes an expected number of substitutions
per character.

what the substitution model sees what the clock model adds
I_ Vedic Sanskrit I_ Vedic Sanskrit
Hindi Hindi
— Russian — Russian
| I Polish | I Polish
— Latin — Latin
————  Spanish Spanish
Italian Italian
_|: French | _|: French
————  Swedish ———————— Swedlish
German German
_|: Dutch _|: Dutch
I Greek I Greek
|- Ancient Greek I—Ancient Greek
[ T T T T T T 1 T T T T T T 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 6000 5000 4000 3000 2000 1000 0

expected substitutions per character years before present

Same tree, same topology, two rulers. Lab 2's analysis has tree height 0.028 substitutions and root age
6,172 years, so the exchange rate is clockrate = 4.66 x 107° substitutions per character per year. Getting
from the left panel to the right one needs a clock model and calibrations: three of them here, and they are
the ancient languages (Lecture 4).

12 /12



