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Convergence of mildly context-sensitive formalisms

¥¥¥ four weakly equivalent mildly context-sensitive formalisms:
TAGs, LIGs, HGs, and CCGs.

¥¥¥ Linear context-free rewriting systems (LCFRSs) can be
considered as a special case of Generalized Context-Free
Grammars (GCFGs) (Pollard 1984).

¥¥¥ As string rewriting systems, LCFRSs provide a generalization of
HGs, and are weakly equivalent to set-local MCTAGs.
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Generalized context-free grammars (CFGSs)

G = 〈 VN , VO , F , R , S 〉

¥¥¥ VN a set of nonterminals

¥¥¥ VO a set of (linguistic) objects

¥¥¥ F ⊆
⋃

n≥0
Fn a set of functions, where

Fn the set of non-empty, partial functions from VO
n into VO, i.e.,

F0 the set of all constants in VO

¥¥¥ R ⊆
⋃

n≥0
( F ∩ Fn ) × VN

n+1 a finite set of (rewriting) rules

¥¥¥ S ∈ VN a distinguished nonterminal ( the start symbol )
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G = 〈 VN , VO , F , R , S 〉 a GCFG

Consider r ∈ R

¥¥¥ Then r = 〈 f , A0 , A1 , . . . , An 〉

for some f ∈ F ∩ Fn and A0 , A1 , . . . , An ∈ VN
n+1

¥¥¥ r is usually written as A0 → f(A1 , . . . , An)

¥¥¥ r is terminating if n = 0, and written as A0 → f( ) in this case

¥¥¥ r is nonterminating if n ≥ 1



G = 〈 VN , VO , F , R , S 〉 a GCFG

Consider r ∈ R

¥¥¥ Then r = 〈 f , A0 , A1 , . . . , An 〉

for some f ∈ F ∩ Fn and A0 , A1 , . . . , An ∈ VN
n+1

¥¥¥ r is usually written as A0 → f(A1 , . . . , An)

¥¥¥ r is terminating if n = 0, and written as A0 → f( ) in this case

¥¥¥ r is nonterminating if n ≥ 1



G = 〈 VN , VO , F , R , S 〉 a GCFG

Consider r ∈ R

¥¥¥ Then r = 〈 f , A0 , A1 , . . . , An 〉

for some f ∈ F ∩ Fn and A0 , A1 , . . . , An ∈ VN
n+1

¥¥¥ r is usually written as A0 → f(A1 , . . . , An)

¥¥¥ r is terminating if n = 0, and written as A0 → f( ) in this case

¥¥¥ r is nonterminating if n ≥ 1



G = 〈 VN , VO , F , R , S 〉 a GCFG

Consider r ∈ R

¥¥¥ Then r = 〈 f , A0 , A1 , . . . , An 〉

for some f ∈ F ∩ Fn and A0 , A1 , . . . , An ∈ VN
n+1

¥¥¥ r is usually written as A0 → f(A1 , . . . , An)

¥¥¥ r is terminating if n = 0, and written as A0 → f( ) in this case

¥¥¥ r is nonterminating if n ≥ 1



G = 〈 VN , VO , F , R , S 〉 a GCFG

Consider r ∈ R

¥¥¥ Then r = 〈 f , A0 , A1 , . . . , An 〉

for some f ∈ F ∩ Fn and A0 , A1 , . . . , An ∈ VN
n+1

¥¥¥ r is usually written as A0 → f(A1 , . . . , An)

¥¥¥ r is terminating if n = 0, and written as A0 → f( ) in this case

¥¥¥ r is nonterminating if n ≥ 1



G = 〈 VN , VO , F , R , S 〉 a GCFG

LG(A) , the language derivable by the nonterminal A ∈ VN ,

is the smallest set of objects such that

a) Θ ∈ LG(A)

for each terminating A → f() ∈ R with f() = Θ

b) Θ ∈ LG(A)

if there are A → f ( A1 , . . . , An ) ∈ R and Θi ∈ LG(Ai)

with f (Θ1 , . . . , Θn ) = Θ

L(G) , the language derivable by G , is the language LG(S)
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G = 〈 VN , VO , F , R , S 〉

¥¥¥ G is a GCFG

¥¥¥ VO =
m
⋃

i≥1
Strings(VT)i , VT a set of terminals

¥¥¥ For each f ∈ F

there are numbers n and d1 , . . . , dn , r such that

f : Strings(VT)d1 × . . . × Strings(VT)dn −→ Strings(VT)r

and f is total and regular
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¥¥¥ Consider f ∈ F

Choose numbers n and d1 , . . . , dn , r such that

f : Strings(VT)d1 × . . . × Strings(VT)dn −→ Strings(VT)r

¥¥¥ f is regular :

Let X = { xij | 1 ≤ i ≤ n , 1 ≤ j ≤ dn } then

〈

〈 x11 , . . . , x1d1
〉 , . . . , 〈 xn1 , . . . , xndn 〉

〉

7−→ 〈 z1 , . . . , zr 〉

zi ∈ Strings(X ∪ VT) such that each xij appears at most once
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MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g }

conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G1 = 〈 VN , VO , F1 , R1 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F1 = { conc , f , g } conc :
〈

〈 x1 , x2 〉
〉

7→ 〈 x1 x2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2 d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R1 =
{

S −→ conc(A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G1) =
{

an bn cn dn
∣

∣

∣
n ≥ 0

}



MCFG example : G2 = 〈 VN , VO , F2 , R2 , S 〉

¥¥¥ VN = { A , S }

¥¥¥ VT = { a , b , c , d }

¥¥¥ F2 = { h , f , g } h :
〈

〈 x1 , x2 〉 , 〈 y1 , y2 〉
〉

7→ 〈 x1 y1 , x2 y2 〉

f :
〈

〈 x1 , x2 〉
〉

7→ 〈 a x1b , c x2d 〉

g :
〈 〉

7→ 〈 ε , ε 〉

¥¥¥ R2 =
{

S −→ h(A , A) , A −→ f(A)
∣

∣

∣
g( )

}

L(G2) =
{

an bn am bm cn dn cm dm
∣

∣

∣
m , n ≥ 0

}
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